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super symmetric backgrounds of lid supergravity, extending previous results in the literature. 
In particular, we identify the topological charges in the algebras and find BPS bounds for the 
^ ■ energies. The charges are given by the integral over a brane's spatial worldvolume of a certain 
■ closed form built out of the Killing spinors and background fields. The existence of such closed 
forms for arbitrary supersymmetric backgrounds generalises the existence of calibration forms 
for special holonomy manifolds. 
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1 Introduction 



It has been known for some time that the supersymmetry algebras of brane worldvolume theories 
can contain topological charges which extend the spacetime supersymmetry algebra pQ. As a 
simple example consider a supermembrane probe in fiat eleven dimensional spacetime. 

In this case the spacetime superalgebra is the lid super- Poincare algebra. If we couple a su- 
permembrane probe to this background, the resulting membrane action inherits the symmetries 
of the background, but with a modification to the supertranslation algebra [H |2] : 



and the integration is taken over the spatial worldvolume of the membrane^. 

^MN jg integral of a closed form and so the second term in the membrane supertransla- 
tion algebra depends only on the homology class of the configuration. The existence of such 
a topological charge in the superalgebra allows massive objects such as branes, which carry the 
charge, to have supersymmetric ground states. 

Subsequent studies have extended this analysis to branes of various types in other fixed su- 
persymmetric backgrounds, see e.g. 01^. In j3] an expression for the membrane and fivebrane 
superalgebras was given which is valid for a more general class of backgrounds. Specifically, the 
analysis of is relevant to backgrounds which have a timelike Killing vector appearing in the 
supertranslation algebra and which have certain implicit restrictions on the background fields. 
A further paper [Hj studies the M5-brane superalgebra in the presence of non-zero worldvol- 
ume fields. The present work proposes a simple and natural generalisation of these results to 
arbitrary supersymmetric backgrounds and worldvolume fields. 

The outline of the paper is as follows. In section |21 we review some recent work on the 
classification of supersymmetric solutions of lid supergravity [7 . An important step in this 
classification is the construction of certain forms built out of the Killing spinors which obey 
differential relations descended from the Killing spinor equations. By simple manipulations we 
show that these relations are equivalent to the existence of certain closed forms which we will 
later argue to be the topological charges for branes. 

In section 13.11 we review the construction of the spacetime superalgebra associated with a 
supergravity background jH]. This will help us to fix some useful notations and will suggest a 
natural construction for the brane superalgebras. 

In section Em we consider the superalgebra for a membrane probe and in section EIHl that of 
an M5-brane. We make a natural proposal for the form of the superalgebras which agrees with 
the known examples and makes use of the closed forms constructed in section |2l In section HI 
we give an example of the construction applied to the supergravity background sourced by an 
M5-brane. We conclude with a short discussion. 

We note that whilst this paper was being completed jH] appeared which has some over- 
lap with the current work. In particular our expression ()54j) for the BPS bound on the en- 
ergy/momentum of the fivebrane agrees with equation (4.6) of jHI. 

^Here and in the following, when we write expressions involving forms defined on the background being 
integrated over the brane worldvolume, a puUback is implied. 
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2 Killing spinors and closed forms 



Recently a great deal of progress has been made in understanding the general structure of 
supersymmetric solutions of supergravity theories [3 HUl HH [121 UHl UH UHl- We shall be 
interested in the case of 11 dimensional supergravity which was investigated by Gauntlett and 
Pakis 7j. They studied the consequences of having a spinor field which obeys the Killing spinor 
equations: 



DMt = (3) 

where 

Fnpqr^ (4) 



Dm^ = Vfl/e H 

288 



^NPQR _ g^A^rPQR 



and F is the four-form field strength of lid supergravity. 

In order to study the consequences of ©, it is helpful to repackage e(x) in terms of the 
following one, two and five-forms: 

Km = e^M^ 

^MNPQR = ^^MNPQR^ ■ (5) 

It is straightforward to check that the zero, three and four-forms built in a similar way 
vanish because of the antisymmetry of the relevant F matrices. Also e(x) can be reconstructed 
(up to a sign) from knowledge of K,uj and S. This follows from the completeness of the F 
matrices. 

It is not true, however, that an arbitrary set of one, two and five forms are equivalent to a 
spinor - rather there are algebraic relations between them which follow from Fierz identities. A 
better way to find these relations uses some algebraic facts about spinors in 10+1 dimensions 
discussed in P^ . 

Spinors form a representation of Spin{l, 10) and a natural question to ask is what are the 
possible orbits of a spinor under Spin{l, 10). Clearly = K^^K^ is a Lorentz scalar and thus 
is the same along orbits of the group. In fact there are no other independent invariants and 
Spin{l, 10) acts transitively on the level sets of JH] ^• 

Furthermore, the only possibilities for are < or K"^ = 0, i.e. is either timelike 
or null. We can choose a convenient normal form for a spinor of either type and deduce that 
any other such spinor is related by a Lorentz transformation (and possible rescaling if < 0.) 
Working in this way gives a rather efficient way to define (Lorentz and scaling covariant) 
identities between the forms K,lj and S. 

Consider first the case in which < 0. A possible set of projection conditions which define 
the spinor e is given as follows: 

^012^ = ^034^ = Tosec = ToTsc = ro9t]e = e 

roi3579e = e • (6) 
These provide a set of five independent'^, commuting projections and thus determine a unique 
spinor up to scale. The scale of the spinor is given by fixing 

e^e = A (7) 
^Except that the zero spinor is an obvious fixed point. 

■^Note that one of the six projections given is satisfied automatically as a consequence of the other five and 
the fact that roi23456789li = 1- 
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Using the projection conditions (jH)) we can uniquely determine the forms K,uj and S: 

K = Ae° 

u = A(e^ A + A e"^ + A + e'^ A + A e^) 

^ = ^A-^KAuAuj + ARe{Q), (8) 

where Q is the holomorphic 5-form: 

n = {e^+ %^) A (e^ + ze^) A (e^ + ze^) A (e^ + ze*) A (e^ + ze^) . (9) 

Note that K is indeed a timehke vector for this choice of projections and the forms define 
an SU{5) structure corresponding to the stabihty group of e. Now, since Spin{l, 10) acts 
transitively on the level sets of K^, we can bring the projection conditions for any spinor with 
K'^ < into the standard form given above, by an appropriate choice of vielbein. Thus, a 
spinor with < is equivalent to a set of forms of the type listed in equation (jHl). 

Now consider the case in which K is null. A possible set of projection conditions for the 
spinor e is given in this case by: 

Toie = -e 

r2345e = r2367e = 1^2389^ = 1^2468^ = ■ (10) 

Note that using the identity roi23456789^ = 1 we can show that our projectors imply: 

r^6 = -6. (11) 

We may use the fact that Lorentz transformations act transitively on the spinors with fixed 
to always choose a vielbein such that the projections are of the standard form given in equation 
()10|) whenever K is null. 

Having fixed the vielbein and the projection conditions we can determine the forms K, uj 
and S uniquely to be: 

K = A(e° + e^) = Ae+ 
u = -K Ae^ 

S = -irA0, (12) 

where is the Cayley four-form: 

(j)= A A A + A A A + A A A - A A e*' A 

- A A e'^ A + A e"^ A A + A A A + e"^ A A A 
+ e"^ A A A - A e"^ A A + A A A - A A A 

- Ae^Ae^Ae^-e^ Ae^ Ae^Ae^ (13) 

Note that K is indeed null. We could set A = e^e = 1 by a boost in the e"*" = e° + direction 
but it will be convenient not to do so. The forms K,u and S define a {Spin{7) x R*) x M 
structure [T7j corresponding to the stability group of the spinor e [TB] . 

Now, we turn to the differential equations which the forms satisfy as a consequence of e{x) 
being a Killing spinor. Expressions for the covariant derivatives of the forms K, u and S are 
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given in equation (2.16) of [7 . We shall be primarily interested in the set of equations for the 
exterior derivatives of the forms: 

dK = ^,^F + h,:*F (14) 

du = LkF (15) 
= iK*F-ujAF (16) 

and the fact that K^^ is a Killing vector. These equations follow as a result of the Killing spinor 
equations. Conversely, at least in the case in which K is timelike, this apparently weaker set 
of equations, supplemented by the algebraic conditions on the forms and the fact that dF = 0, 
is actually strong enough to imply the full set of Killing spinor equations. This surprising fact 
is highlighted in [7]. It would certainly be interesting to find out if this fact generalises to the 
case in which K is a null Killing vector. 

Now we show that these conditions imply the existence of a certain closed 2-form and a 
closed 5-form on the manifold. We make repeated use of the following identity. Let X be a 
vector and a a p-form. Then 

CxC( = d{ixCi) + ixda , (17) 

where Cx denotes the Lie derivative in the X direction. Now applying d to equation (fT3|) and 
using dF = we find: 

CkF = Q. (18) 

and so K generates a symmetry of the solution. Let ^4 be a 3-form gauge potential for F, 
dA = F. Then we can pick a gauge for A which also preserves the symmetry: 

CkA = 0. (19) 

Now consider the 2-form uj + lkA. This is closed since: 

d{u + LKA) = lkF + CkA-lkF = 0. (20) 

We shall see that this closed 2-form is a natural choice for a topological charge in the membrane 
superalgebra. 

Now we construct a closed 5 form to play the same role in the fivebrane superalgebra. Since 
K is Killing and CkF = 0, we must also have that: 

Ck*F = 0. (21) 

The equations of motion of F state that: 

d*F+^FAF = 0. (22) 
So we can introduce a 6-form gauge potential C for *F: 

dC = *F + ^AAF , (23) 

in such a way that 

CkC = . (24) 
Now consider the 5-form S + lkC + A A {u + ^lkA). This is closed: 

(i(S + LkC + AA{uj + ^lkA)) = lk*F-uAF + CkC - lk{*F +'^AAF) 

+ F A{uj + ^lkA) -AA {lkF + ]^{CkA - lkF)) = . (25) 
This closed 5-form will be the topological charge for an M5-brane. 



4 



3 Super symmetry algebras 



3.1 Spacetime super symmetry algebras 

In this section we review the construction [HI of the supersymmetry algebra associated with 
a solution of eleven dimensional supergravity. As a starting point, consider the super-isometry 
algebra of lid Minkowski space, i.e. the super-Poincare algebra. Of particular relevance to the 
following discussion will be the subalgebra of supertranslations generated by the 32 component 
Majorana spinor charges Qa- We have: 

{Qa.Qp] = {CT'')^pPM (26) 

and 

[Pm,QJ = 0, [F,,,P^] = 0. (27) 

We can rewrite equation (pUj) in an equivalent way by introducing a commuting Majorana 
spinor parameter and demanding that for arbitrary e": 

{e"Qa,e^Q4 = (e^CT^e)FM. (28) 
For Majorana spinors, e^C = e and so introducing the vector 

j^M ^ -pA/^ ^29) 

this becomes: 

2(eQ)2 = K^Pm. (30) 

Now consider the symmetry algebra of a general solution of eleven dimensional supergravity. 
Preserved supersymmetries are given by commuting Majorana spinor fields e"{x) satisfying the 
Killing spinor equations (^: 

Due = 0. (31) 

For any such Killing spinor e°(x) there is a corresponding supercharge eQ. Thus the number 
of linearly independent supercharges is given by the dimension of the space of solutions to the 
Killing spinor equations. The algebra of these supercharges is given by equation (jSOJ. Note 
that K defined in equation (j29|) is now a field also. 

We expect Pm to correspond to a bosonic symmetry of the solution. These are given 
by infinitesimal coordinate transformations which leave the solution invariant. An infinitesi- 
mal diffeomorphism is associated with a vector field acting by the Lie derivative. So bosonic 
symmetries are associated with vector fields K^\x) which obey Killing's equation 

C-Kg = (32) 

and also 

CkF = 0, (33) 

where F is the four-form field strength of lid supergravity. As we saw in section 2, it is an 
automatic consequence of the Killing spinor equations that K, constructed as in equation (f^ . 
obeys these equations. Note that in general, there may be other isometrics which are not 
generated by equation (jHUj) . 
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Since the Killing vectors generate infinitesimal coordinate transformations they act on 
each other by the Lie derivative: 

[K''Pm,J''Pn] = {CkJ)''Pr (34) 

Under an infinitesimal coordinate transformation which leaves the metric invariant, the 
vielbein undergoes a Lorentz rotation and so spinors and other objects which transform under 
change of vielbein are also transformed. Thus the Killing vectors act on spinor fields by the 
spinorial Lie derivative^: 

[K^'PM,e''Qa\ = {CKefQp. (35) 

It is a non-trivial consistency check that the super- Jacobi identities are satisfied as an 
automatic result of this construction |8|. 

3.2 Supersymmetry algebra for membranes 

We now consider the addition of branes. Let's start once again with the super- Poincare algebra 
of flat eleven dimensional space. As stated in the introduction, if we couple a supermem- 
brane probe to this background, the resulting membrane action inherits the symmetries of the 
background, but with a modification to the supertranslation algebra P : 

{Qa-, Qp} = {CT^^)a(3PM ± -{CT MN)afiZ^^ ■, (36) 

where 

Z^^ = j dX^' A dX^ (37) 

and the integration is taken over the spatial worldvolume of the membrane. Explicitly, if we 
introduce coordinates (cri,(T2) on the spatial worldvolume we have: 

2 J da-" da^ ^ ' 

Similarly, the momentum Pu involves an integration over the spatial worldvolume of a momen- 
tum density PAf(o'): 

Pm = j d'apMicr). (39) 

As before, we introduce the constant Majorana spinor parameter e" and rewrite equation 
§^ as: 

2{eQ)' = K''PM±UMNZ'''', (40) 
where we have also introduced the two- form umn defined by: 

^MN = eTMNe. (41) 

We can write this a little more suggestively by taking the (constant) parameters and umn 
inside the integral: 

2{eQf= [ d^aK'^'pM^ [ uj . (42) 



*See e.g. [S] for a definition. 
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A proposal for the generalisation of this formula to membranes in curved lid supergravity 
backgrounds for which K^^ is timelike was presented in jS] . This generalisation was motivated 
by considerations of kappa-symmetry. In our notation the generalisation of ()42|) to a general 
curved background (without imposing any restriction on K^^) is: 

2{eQf = j (fcjK^'pM ± /(^ + '^kA). (43) 

In this expression, A is a three-form potential for the four-form field strength F.^ Note that 
K and u are no longer constant, but are the fields built from the Killing spinors according to 
equations PU)) and (jUJ. Also note, that a particular gauge choice for A has been taken so that 

CkA = . (44) 

This is possible to do since CrF = and just corresponds to a choice of gauge potential A 
which preserves the symmetry generated by K. In order for our proposal to make sense, we 
require that the second term in be topological, i.e. 

d{uj + lkA) = . (45) 

As we saw in section 2, this equation is a consequence of the Killing spinor equations and the 
definition of u. 

The supersymmetry algebra (pSj) leads to a BPS type bound on the energy/momentum of 
the M2-brane, since {eQY > 0. We find: 

(faK^^PM >T + irA), (46) 

where the term on the RHS is topological. This bound was found for the case of timelike 
in 0. 

3.3 Supersymmetry algebra for five-branes 

In fiat space the supertranslation algebra for a five-brane probe is: 

{Qcn Q/3} = (CT*^)a/3-PA/ ± —y{C'^MNPQR)ap'Zi^^^^'^^^ (47) 

where 

^MNPQR ^ J ^^M ^ ^^N ^ ^^P ^ ^^Q ^ ^^R ^^g) 

and the integration is taken over the spatial worldvolume of the five-brane. 
Written in terms of the parameter e this becomes: 

2{eQf = K^'Pm ± Sm^pq.?^"™^, (49) 

where we have also introduced the five-form T^mnpqr defined by: 

^MNPQR = (^^MNPQRG- (50) 

^The combination of K^'' Pm ± LkA is very natural since the brane is electrically charged under A and this 
generalises the replacement of with + eA^^ for a charged particle in an electromagnetic field. 
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To extend this to a curved spacetime background we let e(x) be a Killing spinor field and 
following the membrane case we might guess that the algebra becomes: 

2{eQy = j d'aK^'pM{a) ± j {lkC + S), (51) 

where C is the gauge potential for F. Actually, as we saw in section 2, this is not closed and 
so the correct answer is: 

2(eQ)2 = J d'aK^'pMicr) ± J {lkC + S + A A (cu + ^lkA)). (52) 

It is also interesting to consider the supersymmetry algebra with non-zero worldvolume 
gauge field B. We can construct a closed five-form using the closed two-form u + l^A and the 
closed three-form dB. With such a term, the supersymmetry algebra becomes: 

2(eQ)2 = j d'^aK^'pMia) ± j {lkC + J: + {A + dB) A {lu + lkA) - ^A A lkA). (53) 

This equation agrees with and generalises results in jHl Ej, for the M5-brane supersymmetry 
algebra with non-zero worldvolume fields. ^ 

Once, again the supersymmetry algebra, ()53j) leads to a BPS bound on the energy/momentum: 

j d'^aK^'puifj) >T j {ikC + S + (A + d5) a (a; + ikA) -\a A lkA). (54) 

4 An example: M5-brane background 

We now present an example to illustrate the general approach for constructing the superalgebras 
of brane probes and to point out a subtlety in our expressions for the topological charges. First, 
we need to choose a supersymmetric background in which to work. We choose to consider the 
supergravity background corresponding to a collection of coincident M5-branes. We will also 
need to choose a specific supersymmetry of the background and we will choose one such that 

The metric and 7-form are given by 

ds^ = H-^/^ {-{dxy + {dx^y + {dx^f + {dx^'f + {dx^f + {dx^'f) 

*F = -dH'^ A dx° A dx^ A dx^ A dx^ A dx^ A dx^ (56) 
where H is a, harmonic function which depends on the radial distance, r, from the brane where 

= (x6)2 + {x'f + {x^f + {xy + (x^ . 

We also have: 

1 dH 1 

F = - — eijkimx'dx^ A dx^ A dx^ A dx"^ (57) 

^Note that the coefficient of the dB term in the previous equation is not fixed by the requirement that the 
five-form be closed, since we are adding together two five-forms which are individually closed. We can fix the 
normalisation by reference to the flat space analysis of [S]. 
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where i, j, . . . run over the indices {6, 7, 8, 9, t]}. 

The background has 16 Kilhng spinors e = H^^/^'^eo which are constructed from constant 
spinors eo satisfying: 

J- 012345^0 = Co • (58) 

Note that if we normahse eo such that eg eo = 1 then e^e = H^^^^. One can make the projections 
of equation ()10|) on the Kilhng spinors of the background: 

Toie = -e 

r2345e = r2367e = ^2468^ = r2389e = ~e (59) 

These projections are consistent with the projection condition for the the background M5-brane: 
roi2345f = 

As discussed in section |2l the above conditions define a null Killing vector, K. In this 
background K, ui and E are given explicitly by 

K = -H-^''\dx^ + dx^) (60) 
Lo = -K Ae^ = (rfx° + dx^) A dx^ (61) 
S = -KA(j) (62) 

where (p is the Cayley 4-form given by 

(j) = i^-2/3^^2 ^ ^^3 ^^4 ^ ^^5 _^ H^l^dx^ /\ dnc^ /\ /\ dx^ 

H^l^[dx^ A dx^ A dx^ A dx'^ - dx^ A dx'^ A dx'' A dx^ + dx^ A dx^ A dx^ A dx^ 

+dx^ A dx^ A dx^ A dx^ - dx^ A dx^ A dx^ A dx'^ + dx'^ A (ix^ A dx^ A dx^ 

+dx^ A rfx^ A dx^ A dx"^ - dx^ A dx*^ A dx*^ A dx^ + dx^ A dx^ A dx*^ A rfx^ 

-dx^ A dx^ A dx'^ A dx^ - dx^ A dx'^ A dx'^ A c/x'^ - dx^ A dx^ A dx^ A dx^] (63) 

We now check that the differential equations for X, uj and S, given in Eqs. (fT^ - lfTBj) are satisfied. 
Given the form of F it is clear that lkF = l^F = 0. Clearly from Eq. (pT|) we have 

duj = = LkF (64) 

and thus Eq. (fT3j) for u is satisfied. We now consider the differential equation ()14|) for K. From 
the explicit form of K in Eq. ()60|) we have 

dK = --H~'^/%dx^ + dx^) A dH (65) 
3 

Since LujF = we simply have to show that this is equal to * F. From the form of *F it is 
clear that the only term in E that makes a non-zero contribution to is * F is —K A H~'^^^dx^ A 
dx^ A dx^ A dx^, which comes from the first term in the Cayley 4-form. Therefore we find 

is * F = H^'^{dx^ + dx^) A dR-^ = -H~^'^{dx^ + dx^) A dH = 3dK (66) 

and so Eq (fT^ is satisfied. Finally we verify that the differential equation for S, Eq. ()16|) holds. 
Now 

dE = dH A (rfx° + dx^) A {-H~'^ dx^ A dx^ A dx^ A dx^ + dx^ A dx'^ A dx^ A dx^) 

(67) 
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We can also calculate 



ij^* F = -H'^dH A + dx^) A dx^ A dx^ A dx^ A dx^ (68) 
which clearly agrees with the first term in dS. Also 

uAF = ^^idx^ + dx^) A dx^ A dx'^ A dx^ A 

or r 

= — + (ix^) A dr A (ix^ A rfx^ A rfx^ A rfx^ (69) 
or 

so from Eqs.(jnZl)-(jnni) we see that 

dT. = lk*F -uj AF (70) 

as required. 

We now find the closed two and five forms appearing in the membrane and fivebrane super- 
algebras. We can choose a gauge for A with C-kA = 0, such that txA = and then the two 
form is just to. The non-zero terms in the five form are then 

LKC + J: + {A + dB)Auj. (71) 

We can pick C so that 

lkC = -{H-^ - l){dx^ + dx^)A dx^ A dx^ A dx^ A dx^ . (72) 

The remaining subtlety is in how to define A A u since A is a magnetic potential for the 
background solution and not globally well-defined. The natural solution in this case is to define 
the integral of AAlu over the 5d spatial worldvolume of the brane via an integral of F A a; over 
a 6d surface whose boundary is the 5d spatial worldvolume. From the expression for F A u 
above we see that this can be simply integrated to give back a 5d integral of 

~{H-1)A (rfx° + dx^)A dx^ A dx'^ A dx^ A dx^ . (73) 

Putting everything together we find that the expression for the five form is just 

{dx^ + dx^) A(j)f + dB Au , (74) 

where (^/ is just the flat space Cayley four-form. This expression is manifestly closed. We see 
that for a choice of supersymmetry which is preserved by the background brane, the supersym- 
metry algebra for membrane and fivebrane probes is unaltered from fiat space. 



5 Discussion 

We have presented expressions for the supersymmetry algebras of membranes and M5-branes 
in arbitrary supersymmetric backgrounds of eleven dimensional supergravity. In particular, 
we have shown how supersymmetry ensures the existence of closed two and five forms which 
appear as topological charges in the algebras. It should be straightforward to apply the same 
ideas to other supergravity theories in different dimensions, giving a simple derivation of the 
supersymmetry algebras for the branes in these theories. 
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One motivation for our work was to understand better the dynamics of branes which preserve 
supersymmetries related to null Killing spinors. Examples of such branes are giant gravitons 
[IHl[I3l2niini, null intersecting branes [HI 121 123, supertubes/M-ribbons |21 25, 26^22i-The 
analysis of the supersymmetry algebras and related BPS bounds which we present here is a 
useful step towards this understanding, but there is certainly more to be done here. It would 
be very interesting to find a way of describing the most general brane configuration which 
preserves the supersymmetry associated with a particular Killing spinor. 

It would also be interesting to extend our analysis to cases in which there are several Killing 
spinors and to understand better the structure of the supersymmetry algebra in those cases. A 
first step for doing this would be to classify normal forms for projection conditions preserving 
different numbers of supersymmetries in order to find the algebraic structure of the associated 
forms. 
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